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Pabora BbIMOJIHeHA Ha Kadeape MaTeMaTUKH W MH()OPMAIMOHHBIX TEXHOJOTUH
Hccrpik-Kynbckoro rocynapctBeHHoro yauepcurera nMenn Kacsima ThIHBICTaHOBA.

Hayunblii pykoBoguTeib: AjbiMOaeB Acanrya TemMupkyJoBHY, JTOKTOp (HDU3UKO-
MaTEeMaTUYECKUX HayK, JOIEHT, U. 0. mpodeccopa MHcTuTyTa
HOBBIX  MHGOPMAIMOHHBIX  TexHoJoruil  KsIpreizckoro
rocyJapcTBeHHOro yHuBepcurera umMmenu M. Apabaena.

O¢unuanbubie onnoHeHTbl: Ada0dexkoB bakTbioait CanmapbekoBud, JOKTOp (HU3UKO-
MaTeMaTUYeCKnX Hayk, mpodeccop, mpodeccop Kadeapbl
MPUKIAIHOW MaTEMAaTHKU, UHHOPMATUKU U KOMIIbIOTEPHBIX
TexHONOTUN KBIPrbI3CKOro HAIMOHAIBHOTO YHUBEPCUTETA
M. JK. banacarsina.
JremOepaueB LlaiibiMOek AMaHTYpOBHMY, KaHAUJAT
bu3NKO-MaTeMaTHYECKUX HayK, JOLEHT, JOIEHT Kadeapsl
€CTECTBEHHO MAaTeMaTUYeCKUX JUCUUIUIMH MHcTUTyTa
JIOTIOJTHUTEJIBHOTO TTPO(ECCHOHATBEHOTO 00pa30BaHUs UMEHU
M. P. PaxumoBoii KsIprei3ckoro rocyaapCTBEHHOTO
yHUBepcuTeTa uMeHu M. Apabaesa.

Benymasi opranuzanus: xkadeapa npuKIaaHON MaTeMaTUKU U UHPopMaTUKU OIICKOTO
TEXHOJIOTUYECKOT0 yHuBepcuteta uM. M. M. Anplesa,
723503, Keipreizcran, ropon O, ynuna Mcanosa, 81.

3amura aucceprauuu coctoutca 16 ampens 2025 r. B 14:00 wacoB Ha 3acegaHun
nuccepranroHHoro cosera J[ 01.24.701 nmpu HMucTturyre maremarnkn HanuvonanbHOM
akagemuu Hayk Keipreizckoir PecyOnuku n KbIprsI3ckoM HallmOHAJIBHOM YHUBEPCUTETE
uM. K. Banacaremna o agpecy: 720001, Keipreizckast PecryOnuka, r. bumikek, ynuna
Ab6apiMomyHoBa 328, kabuneTr 126. Ccpuika aiisi AOCTyNa K BUACOKOH(GEPEHIINN 3aIlUThI
nuccepranuu: https://ve.vak.kg/b/d_0-gxu-6yv-biz

C nmuccepranmeil MOKHO O3HAaKOMHUTBCS B OmOnmorekax HarmoHanbHOW akaaeMuu
Hayk Keipreickoit PecnyOmuku (720071, 1. bumkek, npocnekt Yyi, 265-a), u
Koipreizckom HanmoHanbHOM yHUBepcutere uM. JK. banmacarsina, (720033, r. bumkexk, yii.
Opynze, 547) u Ha caiite HarmonanbHOM aTTecTallmoHHONW Komuccuu tnipu [Ipesumente
Keipreizckoit PecniyOmmku:
https://stepen.vak.kg/diss_sovety/d-01-24-701/

YueHsIl ceKpeTapb
JIUCCEPTALIMOHHOIO COBETA,

K.(].-M.H., TIOIEHT [HTapmemoOuera @. K.
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OBILIAA XAPAKTEPUCTHUKA PABOTHBI

AKTYaJIbHOCTh TeMbl auccepranmum. VccnegoBanne MHOTMX (U3MUECKUX 3a]ad
CBOJMTCS K HU3YYCHHUIO NEPUOJUYECKUX peHIeHU IudQepeHraibHblX W HHTErpo-
muddepeHanbHbIX  YpaBHEHHM, Kak € KOHEYHBIMM, TaK M OECKOHECYHBIMU
MOCJEACHCTBUIMU.

Jns  uccnenoBaHMs TNEPUOJMYECKUX PEIIEHUHM ATUX YPaBHEHUWA HMEIOTCS
KAUEeCTBECHHbIC, aHAJIUTUYECKHE W ACUMIITOTHYECKHME MeToAbl, co3naHHbie A. IlyaHkape
(1879-1912 rr.), H.M. KpbutoBeim (1912-1955 rr.), H.H. Boroiro6oBem (1934-1991 rr.),
FO.A. Mutpononsckum (1951-2006 rr.), A.M. Camoitnenko (1973-1976 rr.) u apyrumu
aBTOpaMu. JTHU METOJIbl YCICIIHO MPUMEHSIOTCS MPU UCCIEAOBAHUU CUCTEM YpPaBHEHUH,
CoZlep KaIluX MAaJbli TMapaMeTp, B KOTOPBIX A(M(EKT OT HEIMHEWHOCTH MPOSBISCTCS
MeniaeHHo. OJHAKO MpU  HUCCICIOBAHUM HEJIWHEMHBIX CHUCTEM OOIero BUAa HX
MPUMEHUMOCTh OTPAHUYMBAETCS Y3KUMHU KJIaCCaMU YPaBHEHUIA.

B cBs3u ¢ 3TUM B HacTosllee BpPeMs OJHOM M3 BaXXHBIX M aKTyaJbHBIX 3a/1ad
UCCJIEIOBaHUs SIBIIAETCS pa3paboTka M OOOCHOBAaHHWE METOJIOB, MPUMEHUMBIX s
UCCJIeIOBAHUSI PEIICHUN YPAaBHEHHM O0IIET0 BUa C CHJIBHBIMU HEJIMHEHHOCTSIMHU.

B muccepranmonHO = paboTe  paccMaTpUBAIOTCS — BOIMPOCHI  MCCIIECTOBAHUS
CYIIECTBOBAHMSI U  TOCTPOEHUA  NEPUOJMYECKUX  PEIICHUH  KBA3WJIMHEWHBIX
mudepeHnanbHbIX U UHTErpo-auddepeHIMaIbHbIX YpaBHEHU BTOPOTO MOPsAKa, a
TaK)K€ CHUCTEMbl HUHTErpo-Iu(depeHIIMaIbHBIX YPAaBHEHUM C MallbiIM MapaMeTpoM,
oOsajaromiel  CBOMCTBOM  aBTOHOMHOCTH. B ucciienoBaHuu  npuMeHsieTCs U
00OCHOBBIBAETCS MPOCKIIMOHHO-UTEPAIMOHHBI METOJI, COYETAIOIMN HJIEH MEeToJa
["anepkuHa W MeToJa MOCJEeN0BAaTENbHBIX MPUOIKeHnH. OCHOBHOE BHUMAHHE YIEJICHO
000CHOBAHUIO MPOEKIIMOHHO-UTEPAIMOHHOTO METOJa, KOTOPHIA COYETaeT HJEHU MEeTOja
lanepkuHa W MeTOJa TMOCIEIOBATEIbHBIX MNPUOTUKEHUNU. PerieHne 3TUX BOIMPOCOB
OTIpEeNIeIIACT aKTyaIbHOCTh JaHHOU paOOTHI.

CBs3b  TeMbl [JHCCEPTAMM ¢ KPYNHBIMM HAYYHBIMM NPOrpPaMMaMu
(mpoekTamMM) U OCHOBHBIMHM HAay4YHO-HCCJIeA0BaTEeIbCKUMH padoramu. VccnenoBanus
M0 TeME AUCCEpPTAllMd NMPOBOJWINCH B COOTBETCTBUM C YTBEPKIECHHOW YUYEHBIM COBETOM
Ucchik-Kynbckoro rocygapcTBeHHOro yHuBepcurera uM. K. ThIHBICTAHOBA TEMATHUKOMW
«IIpOEKIMOHHO-UTEPALITUOHHBIE  METOJIbl  HCCIICIOBAHUSl  MEPUOJUYECKUX  PEIICHUI
uHTerpo-nuddepeHIMaNbHbIX ypaBHeHHM THuma Bonbreppa», mnpotokonsa Ne2, ot
02.11.2021 r.

Heab u 3apaum uccienoBanus. Llenpio uccnenoBaHus IUCCEPTAIIMOHHON paOOThI
ABJSIETC OOOCHOBAaHHME TMPUMEHUMOCTH TMPOCKIIMOHHO-UTEPAIIMOHHOTO METoJa s
WCCIICIOBAHUSI TMEPUOJUYECKUX PEIICHUNA KBa3WIMHEHMHBIX AudepeHIuaibHbIX U
UHTETpo-ITuddhepeHINAIbHBIX YPAaBHEHUN C KOHEUHBIM M OECKOHEUHBIM IOCIEACHCTBUEM
BTOPOTO TOPSJKA, a TaKXKE CUCTEMbI MHTErpo-IuddepeHInaIbHBIX YPaBHEHHUN TEPBOTO
nopsiika C MajJblM [apaMeTpoM, OO0JIalalolieid CBOMCTBOM aBTOHOMHOCTH. Jlns
JOCTIDKEHHUSI 11e7T Pa0OThI OBLIN PEIICHBI CIIETYIONTUE 3aa4u:



1. Jloxa3aTenbCTBO CYLIECTBOBaHMS MpHOMMKEHUN ['ajepkrHa B OKPECTHOCTHU
TOYHOT'O TIEPUOJUYECKOTO PEUICHUSI U OIIEHKA MOTPEIIHOCTH MEXY MPUOJIMKEHHBIMU U
TOYHBIMHU NIEPUOANYECKUMHU PEIICHUSIMU.

2. Jloka3aTenbCTBO OOpPaTHOrOo YTBEPXKACHHS O CYIIECTBOBAHMM TOYHOTO
NEPUOJIMYECKOTO PEIICHUS B OKPECTHOCTH NpuOmmxeHuid [anepkuHa u  OIEHKa
MOTPEIIHOCTHA MEK1y HUMH.

3. IlocTpoenne MeTOAOM TrapMOHHMYECKOro OallaHca B TIEPBOM MPUOIMKEHHUU
NEPUOANYECKUX PEIICHUN CUCTEMBbl MHTErpo-auddepeHmanbHbIX ypaBHeHHE Ban-aep-
[Tonss ¢ koHeuHbIM mociHeneicTBueM, auddepenmanbHoro ypasHenus Jroddunra
NIEPBOr0 MOPsAKa C 3ama3AblBaHUEeM U JuddepeHnuanbHoro ypasHenus Ban-aep-Ilons
BTOPOTO IOPSAKA C 3ala3AbIBAOIIMM apryMeHTOM. [loka3aTe crenens BIUsHUS ITapaMeTpa
3amna3/IbIBAHUS HA aMIUIATYJHO-4ACTOTHBIE XaPAKTEPUCTUKH IEPUOJNYECKUX PEILICHUMN.

Hay4Hasi HOBU3HA pa0oOTHI.

— 00OCHOBaHHE NPOEKIMOHHO-UTEPALIMOHHOTO METO/Aa [UIsl H3Y4YEHHUs BOIPOCOB
CYUIECTBOBAaHMSI M  HPUOJIMKEHHOTO  INOCTPOCHUSA  MEPUOJMUYECKUX  PELICHHM
KBa3WIMHEHWHBIX JU(p(epeHIMaIbHBIX U UHTErpo-Au(QepeHlnaIbHblX  ypaBHEHUH
BTOPOTO MOPsIIKa C KOHEYHBIMU M O€CKOHEUHBIMH MOCIIEICHCTBUSIMHU.

—JIOKa3aHbl ~ B3aUMOOOpAaTHBIE  YTBEPXKJIEHHUSA: TEOpeMa O  CYLIECTBOBAHUU
npuOIkeHui ['anepkrHa B OKPECTHOCTH TOYHOTO NMEPUOJUYECKOTO PEIIEHUsI U TeopeMa
O CYUIECTBOBAHMM TOYHOTO MEPUOAMYECKOIO PEUICHHs] B OKPECTHOCTU MNPUOIMKEHUM
["anepkuna i nudpepeHnanbHbIX 1 HHTErpo-IudPpepeHInATbHBIX YPABHEHHI BTOPOTO
MOPSAKA.

—J1aHO O0OOCHOBaHHWE MPUMEHHUMOCTH MPOECKIHMOHHO-UTEPALMOHHOTO METOAa st
MOCTPOEHUS EPUOJINYECKUX PEIICHUN CUCTEMBI MHTErPO-Au(PdepeHIInaNbHBIX YPABHEHHM
C MaJbIM IapaMeTPOM U KOHEUYHBIM IMTOCJIENECHCTBUEM.

—METOJIOM TapMOHUYECKOro OanaHca B TNEPBOM NPHUOIMKEHUU MOCTPOEHBI U
IIPOAHAIM3UPOBAHbl  MEPUOJUYECKUE  PEIICHHS  CIECAYIOUIMX  CHCTEM:  HMHTErpo-
muddepeHnnanbubix  ypaBHeHuit  Ban-mep-Ilonss ¢ KOHEYHBIM — TMOCTEACHCTBUEM,
mupdepennuansioro  ypaBHenus — JiodbduHra ¢ 3anmazmpiBaHMeM, a  TaKke
muddepennnanbubix  ypaBHeHudd Ban-mep-Ilons BTOoporo mopsiika 3ara3ablBarOIIIM
apryMEeHTOM.

IIpakTHyeckass W TeopeTHYeCKas 3HAYMMOCTb IOJYYEHHBIX Pe3yJbTATOB.
Pabota HOCHMT Kak TEOPETHMUECKHH, TaK W TPUKIAAHOW XapakTep. PesymbTaTh
JUCCEPTALIMM MOTYT OBITh MCIOJB30BAHBI ISl UCCIENOBAHUS MEPUOJUUYECKUX PEIICHUN
HOBBIX KJaccoB Jau(pdepeHIMaNbHbIX U HUHTErpo-AudPepeHImaibHbIX  YpaBHEHUH.
Pa3paboTaHHble anropuUTMbl MO3BOJSIOT HAXOJWUTh PEIICHHUS KOHKPETHBIX MOJEIbHBIX
yYpaBHEHUN U MOTYT OBITh aJJaITUPOBAHBI JIJISl MPUMEHEHHUS B PA3JIMUHBIX 00JACTAX HAYKU
Y TEXHUKHU.

OCHOBHBIC I0JIOKEHH S JUCCEPTALMH, BBIHOCHUMbIE HA 3a1LMTY.

— MPOEKIMOHHBIM MEeTOAOM ["anepkuHa JoKka3aHo CyIIeCTBOBaHUE MPUOTHKEHHBIX



NIEPUOANYECKHUX PELIEHUN B OKPECTHOCTH TOYHBIX NEPUOIUUECKUX PEIICHUN
muddepeHnanbHbIX U MHTErpo-nuddepeHIManbHbIX ypaBHEHUI BTOPOro MOPSIKA C
KOHEYHBIM M OeCKOHEYHBbIM mocneaciicTBueM. OlleHeHa NOTPENIHOCTh Pa3HOCTU
NPUOIMKEHHBIX U TOYHBIX PEIICHUH.

— Ha ocHoBe (yHKIMM ['puHA METOAOM TOCHEAOBATENbHBIX NPUOTMKEHUN
JIOKa3aHO CYIIECTBOBAHME TOYHBIX MEPUOJUYECKUX PEIICHUHA B  OKPECTHOCTU
npuommkeHudt ['amepkuHa 111 auddepeHmaibHbIX W UHTErpo-auddepeHInaIbHbBIX
YpaBHEHUH BTOPOro MOPSAKAa C KOHEUHBIM M OECKOHEYHBIM nocieaeiictBueM. OneHeHa
IIOTPEIIHOCTh UX PA3HOCTH.

— 00OCHOBaHa MPUMEHUMOCTh  MPOCKIMOHHO-UTEPAIMOHHOTO  METOoAa s
UCCIICIOBaHMSI MEPUOAMYECKUX PEHICHUH CHCTeMbl HHTErpo-nuddepeHantbHbIX
YPaBHEHHUU C MaJbIM IIAPAMETPOM.

— OINpEJeNeHbl METOAOM TapMOHMYECKOro OanaHca TMepBble NPHOIMKEHUS
NEPUOANYECKUX PEILICHUN: CUCTEMBl MHTETpO-AuddepeHInaIbHbIX ypaBHeHUH Ban-nep-
[Tons ¢ KoHe4HBIM mociaenencTBueM, auddepenuuanbHoro ypasHeHus Jioddunra
nepBoro nopsijaka U auddepenuranbHoro ypasHeHus Ban-nep-Ilons BTroporo mopsizika c
3amas3gplBalolMM apryMeHToM. OmpeseseHa CTeNeHb BIUSHUS MapaMeTpa 3ana3IbIBaHus
HA aMIUTUTYJHO-YaCTOTHBIE XapaKTEPUCTUKU MPUOITHKEHHBIX IEPUOINUECKUX PEILICHUH.

Metoab! ucciaenoBanus. [lpu 060cHOBaHNM NPOEKIIMOHHO-UTEPALTUOHHOTO METO1a
IPUMEHEHBbI: MeToj ['ajepkuHa, METOJ IOCIEAOBATEIbHBIX MNPUOIMKEHUN, (YHKIIHS
['puna, MeTON CBENEHUS AaBTOHOMHOW CHCTEMBI K HEABTOHOMHOM CHCTEME YPaBHEHUU U
TPUTOHOMETpHUUECKUH psill Dypre.

JInyHbIi BKJIAJ coMcKaTe/si. Pe3ynpTaThl UCCAEN0BAaHUN JUCCEPTALUN MTOJTYyYEHBI
couckarenem. [locTaHoBKa 3a1ad M aHagW3 IMOJYYEHHBIX PE3YJIBTATOB OCYILIECTBIUIMCH
noJ, pyKoBOJICTBOM HayudHoro pykoojautens A.T. AneimOaeBa. Ilon ero pykoBoaCTBOM
ObLIM ONpeNeNieHbl KIIIOUEBbIE HANPABICHHS HWCCIEAOBaHMUS, a Takke pa3padoTaHbl
OCHOBHBIE METOJ0JIOTUYECKHE MOAXO0AbI. JIOKa3aTelbCTBO TEOPEM, BBIBEIACHUE CIIEACTBUM
Y CO3/IaHHE WUIIOCTPATHBHBIX IIPUMEPOB BBIIIOJIHEHBI conckaTeseM. Couckaresib akTUBHO
y4acTBOBaJa B ampoOali pe3ysbTaToOB HCCIEAOBAHUS HA PA3MYHBIX MEKIYHApPOIHBIX
HAyYHO-TIPAKTUYECKUX KOH(MEpPEHIUAX, TAe MPEeJCTaBisijia JIOKIaAbl U ydacTBOBaJia B
OOCYXKICHHSIX, TOJYYUB IMOJIOKUTEIbHBIE OT3BIBBI M MPEAJIOKEHUS MO JalbHEHUIIEMY
Pa3BUTHUIO UCCIICAOBAHUM.

AnpobGauus pe3yjbTaToB Hccaed0BaHui. Pe3ynpTaTel HacTosIIeH paboThl OBLTH
JTOJIO’KEHBI U 00CYK/IEHBI Ha!

o MexnayHapoaHoii Hay4dHo-mpakTHueckoil koH(pepeHuuu ‘“Omnoxa CCCP: ouenka
BpemeHneM” (T. Kapakos, UT'Y um. K. TeiabicranoBa, 14-15 okta6ps 2021 r.)

o MexayHapoaHOW Hay4yHO-TIpakTH4Yeckoil kKoHdepenuuun «lIpobrembl u Oynymiee
TEXHOJIOTUH TIPENOJaBaHUsA E€CTECTBEHHO-MAaTEMATHYECKUX HAYK B YCIOBHAX
nudpoBuzanyny, MocBimeHHON 70-n1eThio aokTopa mnenarorudeckux Hayk KI'Y
umenu WM. Apabaesa, mpodeccopa ToporenpaueBoit K. M. u 70-neturo xadeaps



«MaremaTtika W TEXHOJOrMM ee npenoaaBanus» (r. bumkek, KHY wum. N

ApabaeBa, 21-22 mas 2022 1.)

o MexayHapoaHou HAyYHO-TIPAKTUYECKON KOH(EPEHITNHU: «HcTopuko-
pocBeTUTeNbckoe 3HaueHue r. Kapakon B pa3Butuu Keipreizcranay» (r. Kapakon,
UT'Y um. K. TeiabicTanoBa, 10-11 urons 2022 r.)

o MexayHapoaHOU Hay4dHO-TIpaKkTUYeCcKor KoH(pepeHnu «CoBpeMeHHbIe
nudpoBbie TpaHCPOpPMAILMKM YCTOMYMBOTO pPa3BUTUSA OOIIECTBA, 0Opa3OBaHMS U
HAayKH B DJMOXYy [NIOOAIM3allMU: OMNBIT MPOLUIOr0, BO3MOKHOCTH HACTOSIIETO,
cTpaTeruu Oyayliero», mocBameHHon 90-1eTuio 00IIeCTBEHHOTO U MOTUTHYECKOTO
nesitensa A6camara Macanuesa (1. batken, batl'V, 28-29 anpens 2023 1.)

o MexnyHaponHoil HaydyHOU KoH(epeHIH "AKTyaJabHbIe MPOOIEMbl MaTEMaTHKU U
oOpazoBanusa", mnoceseHHon &0-netuto A. ¢d.-M. H., npodeccopa, UICH-
koppecnnongenta HAH KP, mnouetHoro akagemuka HAH KP Kenaubas
Anpivkyiosa (1. Om, Oml'Y, 12-13 mas 2023 r.)

o MexnayHapoaHoi HaydHO-TIpakTHdeckoi koHdpepeHuu «VI urenus U. bekboesa:
po6JieMbl COBPEMEHHON MOJIENT 00pa30BaHUs: aKTyaJbHbIE BOIIPOCHI, TOCTHKEHUS
M UHHOBauMW», TnocBalmeHHo  Hapognomy  yumrtento  KP, njaypeary
rOCy/IapCTBEHHOM MpeMHH B O0JaCTH HAYKU U TEXHUKHU, WICH-KOPPECHOHJIEHTY
HAH KP, akanemuky HAH, bek6oeBy Ucak bex6oesuuy (r. bumkek, Tanl'y, §8-9
utons 2023 r.)

o MexayHnaponHoit  HayuHo — koH(pepenmuu «V  BopyOaeBckue — uTEHUS,
nocssieHHoi 70-neturo HAH KP u 40-netuto Mucturyra marematuku HAH KP (r.
bumkex, UM HAH KP, 20-21 utons 2024 r.)

IMostHoTa OTpakeHHMsl Pe3yJbTATOB AUCCEPTAMH B NyOaukanusix. OCHOBHbIC
pe3ynbTaThl JHMCCEpTAlMU ONyOJHUKoBaHbl B 15 HayuHbIX cTtaThsix. U3 Hux 4 crarbu
OIMyOJIMKOBaHbl B HAayYHbIX M3JaHUSIX, BKIIOUEHHBIX B HaykomeTpuueckyr 6azy PUHII,
npudéMm 2 cTaThu UMeI0T uMmnakT-paktop Beime 0,1. OgHa u3 craTeit omyOnMKoBaHa B 6aze
Web of Science.

Crpykrypa u 00bém auccepranmnu. JluccepraiionHas paboTa COCTOUT U3 IEPEUHs
COKpalleHM M 00O03HaueHUM, BBEIEHUS, YEThIpEX TIJIaB, cojaepkamux 12 pa3aenos,
3aKJIFOYEHUS] W CIUCKA HCIOJIb30BAaHHBIX HMCTOYHUKOB W3 73 HamMmeHoBanuid, 112 ctp.
KOMITBIOTEPHOI'O TEKCTA.

OCHOBHOE COIEPKXAHUE

Bo BBegeHMM wu3NaratoTCsd UEAb M 3aJladyd  MCCIEOBaHUS, OOOCHOBBIBAIOTCS
aKTyaJIbHOCTb TEMbl, HayyHas HOBHU3HA, MPAKTUYECKas M TEOPETUYECKasl LIEHHOCTh
paboThI.

B mnepBoii riaBe npejcTaBiIeH KpaTKUil 0030p HaydHbIX PabOT, MOCBALIEHHBIX
MPOCKIIMOHHO-UTEPAIIMOHHBIM ~ METOJaM  MCCJICOBAaHUSl  MEPUOJUYECKUX  PEIICHUM
UHTErpo-nudgdepeHuanbHbIX ypaBHeHU Tuna Bonbreppa, a Takke OJM3KHX IO
COJIEPKaHUIO 3314, PACCMAaTPUBAEMbIX B IaHHOM JUCCEPTAlMOHHOMN padoTe.
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OcCHOBBI MPOEKIIMOHHOTO MeToAa [anepkuHa 3amokensl B padorax B. Putma, B.I.
lNanepkuna, JI.B. KantopoBuua, M.B. Kenasima, M.B. Capckoro, H.1. Ilonsckoro u
JIPYTUX aBTOPOB. BOMpOCK MOCTpOEHNs MEPUOINYECKUX PEIICHU ABTOHOMHBIX U
HEABTOHOMHBIX CHCTeM Jud@epeHInaNbHbIX ypaBHEHUH, cucteM AuddepeHnanbHbIX
ypaBHEHUN C 3ama3fblBaHUEM, PA3MYHBIX THUIOB HHTETrpo-auddepeHIaibHbIX
ypaBHeHU# 1o MeToy ['anepkuna Ob11M U3ydeHsl B Tpynax M. Ypabe, A.M. CamoiineHko,
O.J. HypxanoBa, b. ByiitoBuua, A.b. Kubenko, IL.II. 3abpeiiko, C.O. Crpriruna, A.
Stokes, Yamamoto Norio u Ipyrux aBTOpPOB.

Metoa rapMOHMYECKOTrO OanaHca, KOTOPbIM OTHOCUTCS K CEMEWUCTBY METOJ/OB
["anepkuna, Obul paspaboran u obocHoBan H.M. KpsuioBeim u H.H. Boromo6oBbim.
[[Iupokuii Kpyr BONPOCOB, CBSA3aHHBIX C METOJOM TapMOHHYECKOro OanaHca, €ro
o000meHuaMr U npuioxkeHusmu, paccmorpeH E.H. PozenBaccepom, JI. Ueszapu, JIxk.
Xewnom. OnuH u3 Hanbosiee 3(p(HEKTUBHBIX BAPUAHTOB METO/Ia TAPMOHUYECKOI0 OajlaHca
JUISL  ONpPEAENEHUsl TPENEIbHBIX IUKJIOB B MAaTEMAaTHUYECKUX MOJENISAX HEIUHEHHON
nuHaMmuky npeaoxked A.A. KonapateeBbiM, S. Zelik u B. Delamotte.

Cnenyer Bbenuth paboty M. Ypabe, mocBsimEHHYIO BompocaM OOOCHOBaHHS
Metona ["anepkuHa MPUMEHUTENHHO K cucTeMe AuddepeHnaIbHbIX YPaBHEHH.

dx(t)
T X(t,x(1)), (1)

rae X (t, x)-2m nepruoandeckas o t BeKTOp-(QyHKIUSL.

M. Vpabe B cBoeil paboTe man oOIIMe TEOPEMbI O B3aUMOCBS3SX MEXKIY TOYHBIM
pelieHrneM U uX NpuOmkeHusMu 1o Merony [anepkunHa. OH J10Ka3zan YTBEpKIEHUS,
MO3BOJIAIOIIME HA OCHOBAHUM CYIIECTBOBAaHHUS MPUOIMKEHHBIX MEPUOANUECKUX PELICHUH
ClIeJIaTh BBIBOJI O CYILIECTBOBAHUM TOYHBIX MEPUOANUECKUX perieHuid cucteMsl (1). Taxxke
JI0Ka3aHO 00paTHOE YTBEPKACHHUE O CYIIECTBOBAHUU NMPUOIMKEeHUH 1Io MeToty ['anepkuHa
B OKPECTHOCTH TOYHOTO MEPUOANUECKOTO peIIeHUsI CUCTEMBI (1).

Bo BTOpoOii ri1aBe OCBEIIEHBl METONOJOTHMS W  METOJbl  MCCIEIOBaHUSA
NEPUOJIMYECKUX  PEIICHUM  KBa3WIMHEHHBIX  Ju(dPepeHUHaTbHBIX W HHTErpo-
mudepeHInanbHbIX YpaBHEHUH € KOHEYHBIM M OECKOHEUHBIM TmocliefeicTBueM. B
nyHkte 2.1 ompeneneHbl O0BEKT, MpEeAMET W 3aJayu uccienoBaHus. B myHkre 2.2
paccMaTpuBaeTcss HEOOXOIUMBIM ammapaT sl 0OOCHOBAaHMS MPOEKIMOHHOIO METO/a
["anepkrHa MOCTPOECHMSI TEPUOJUYECKUX pelIeHU auddepeHuuanbHblX U HHTETPO-
mudepeHIranbHbIX YpaBHEHHU BTOPOTO MOPSAKA, KaK C KOHEYHBIM, TaK U OECKOHEYHBIM
IIOCJIEACHCTBUEM.

PaccmaTpuBaercs auddepeHnraibHoe ypaBHEHHE BTOPOTO MOPsIIKa BUA:

d?x(t)

iz - f(@®, (2)

rae f(t) — nepuoauueckas ¢ nepuoaoM 21 GyHKIHs, IpecTaBuMas B Bujae psaa Dypewe:
(e 0]

f(t)=cy+ \/fz(ckcoskt + dj sinkt) (3)
k=1
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Ha MHOKeCTBe MepruoAnIecKuX (QYHKINI BBEIEH o1epaTop S,, , TAKOH, 4TO
m
Saf(t) =cy+ \/fz(ckcoskt + dsinkt) .

C yuerom (3) ypaBHeHHE (2) 3allMChIBAEM B BHJIEC:
d2x(t) =
dt?

Teopema 1. ITycts X = X(t) — 27- l'I_epI/IOI[I/ILIeCKOG pelieHue (4) Ecun

co =0, =—\/_2k2, dx(0)=—\/_2

TOrJa, 27T-TIEPUOUIECKOE PeIICHNE ; X = x(t) NPEJICTaBUMO B BI/II[e (bopMan,I

. Z(ckcoskt + dysinkt) (4)

x(t) = \/_Z (—cycoskt + dsinkt)

Teopema 2. Jlns pasHocTu x(t) — X, (t) mMeeT MecTO OIlCHKA
12(t) — X ()0 < a(mM)|f o,
12(8) — £ (O)llo < a1 MIf o

om) = [ 2 ] =2
o(m) = -, o(m) = —.
m+1)* ' (m+2)° ! (m+ 1)?
VY CTaHaBIMBAETCA KPUTEPUM Pa3peIIMMOCTH CHCTEMBI alreOpandecKuX ypaBHEHUH
BUJIA

rae

Da+ F(a) =0, (5)
aF(O) = 0.

Teopema 3. [Ipenmnomnoxxum, 4To cucreMa (5) UMeeT MPUOIMKEHHOE pemeHHe a=a
U cymecTBYOT moctossHHble 6 > 0,7 >0 m 0 < y <1 1 KOTOPBIX BBIMOJTHSIIOTCS
YCIIOBUSL:
1. As={a:|la —a|| <8} c A
2. IDF@l+al<n, |52 <2 m=lp
3. <3,
1-x
torma cucrema (5) UMeeT eIMHCTBEHHOE pelieHHue o = & B 00JacTH Ag M UMEET MECTO
oleHka ||@ — al| < 6.
PaccMoTtpena cucrema anredpandeckux ypaBHEHUN BUa
Da+ F,(a) + F,(a,e) =0, (6)
rae a, F;, F,- BeKTop-QpyHKIUU OJIMHAKOBOW Pa3MEPHOCTH.
F,, F, — menpepsiBHO nuddepenmnmpyembie PyHKITUN B 001acTH A, TaKe, 4TO

D — pelicTBUTeNIbHAsA MaTpUla , a7 kotopoit detD # 0, F(0) =0




dF;(0)

F;(0) =0,F,(a,0) =0, F,(0,e) # 0
kotopoit detD # 0, &€ — manblii mapameTp.
Teopema 4. [Ipenmnonoxum, 4ro cuctema (6) umMeeT NPUOIMHKEHHOE PEIICHUE o =
a@(e) takoe, uyto @(0) =0 u ecthb mocrosiHHbIE § > 0,1 > 0,6 >0 u 0 < y <1 misa
KOTOPBIX BBITTOTHSIIOTCS YCIOBHSI:
1. As={a:|la —a|| <8} cA.
2. IR (@ + F(@e)] +all <n
3. =<6.
1-x
torma cuctema (6) mmeer emuHCTBeHHOe pemenne a = d(e) rtakoe, uyto @(0) =0 B

# 0, D-peiicTBuTenbHass MaTpuua, s

|| 0F;(a) n 0F;(a,€)

X _ -1
< = =
oa oa - M M ”D ”

obmactu As u umeeT mecto oueika  ||@(e) — a(e)| < é

Tperbsi ri1aBa nocesiieHa 000CHOBAHUIO MPOEKIIMOHHO- UTEPAIMOHHOTO METO/Aa
JUISL UCCIICIOBAHUSl TEPUOJUYECKUX PEIICHUN KBAa3WIMHEHHBIX IU(depeHIINaTbHBIX U
UHTErpo-Tu(dhepeHIIMaTbHBIX YPABHEHUN C KOHEYHBIM U O€CKOHEUYHBIM IOCIHIEIEHCTBUEM
BUJIA!

dd)i(zt) =Ax + f(t,x) (7)
d2

dxt(zt) =Ax + f| t, x(¢), j o(t,s,x(s))ds (8)
d? g

d);(zt) =Ax + f| t,x(¢), f(p(t, s, x(s))ds |. (9)

2m-niepuoandeckoe perieHue nuddepeHImanbHOro ypaBHeHus (/) UieTcs B BUJIE
m
X, (t) = a, + \/EZ(dkcoskt + bysinkt), (10)
k=1

KO3 PHUITMEHTHI KOTOPOTO HAXOISITCS U3 CUCTEMBI alITeOpanyecKuX YpaBHEHHM

d2%,(t) _
d—’:z = A% (t) + Suf (£, % (1))
nim
DMa + FM (@) =0 (11)
A(m) _
A 0 0 0 Qo
D(m) _ cee es ces cee F(m)( ) _ . = _ _:
0o .. A+ k2 0 ’ a Ag(m) ’ a ag
0 . 0 A+ k? B by
k




2T

—_ t,x,, ) cosktdt,
) f (& %)
2T

pem - L £ (¢, %) sinktdt
& 2\/771’ 0 o

B nynkre 3.1 moka3zana pa3zpemmMocts ypaBHeHus (11) u cXxomumMocTh X, (t) mpu
m — 00 K TOYHOMY 27T-TIEpHOANYECKOMY peteHnto X (t) ypaBHenus (7), HHBIMU CIIOBaMH,
CYIIECTBOBAHHME MPUOIMKEHHOTO 2TT-MIEPHUOJUUECKOTO PEIICHUsSI B OKPECTHOCTH TOYHOTO
2TT-TIePHOANIECKOTO pereHus X(t).
Teopema 5. Ilycth auddepennnansHoe ypaBHeHue (7) yAOBIECTBOPSET CICIYIOIIHM
YCIIOBUSIM:
1. cymecTByeT 2m-niepruoaruecKoe perrenue X(t), npuHaaiexaliee oonacta DeR =
(—00; +0);
2. yIOBIIETBOPSIET TPEOOBAHUSAM TEOPEMBI 3;
3. ||a+ [p™] Fr@|| < e m)KIfLIfle K = || D]

OF™(a) X
e <z ocpen,

Torma cymecTtByeT AocTaToyHO OOJIBIIOE M, TaKOE€, YTO IPU BCEX M = my
CYIIECTBYIOT TNPHOIMKEHHBIE 2T-MIEPUOJUUSCKHE pelieHus X, (t) ypaBHenus (7),
PaBHOMEPHO CXOJSIIUECS MIPU M —> 00 K TOYHOMY NEPUOIUYECKOMY pelieHuto x = X(t),

TAaKOC 4YTO, CIIpaBCIJIMBa OLICHKA

1 2T
(m) = (m)
A = — t,x,,(t)dt, A =
0 2\/§7T 0 f( m( )) k

. _ V2If1o(1+ If]1)

B nynkre 3.2 paccmarpuBaercs quddepeHinanbHoe ypaBHEHNE
x"(t) — Ax(t) =0, A>0

¢ ¢pynkuuei ['puna Buna

—Le\/z(s‘t), —o <t<s,
_) 2vA
— e VAlt=9) s <t < +oo.
2+/A

o0nasaroiasi CBOMCTBOM
Gtt—0)—-G(tt+0)=0 G (t,t—0)— G'(t,t+0)=1. (13)
¢ ydyerom ¢ynkuuu ['puna (12) muddepenumansHoe ypaBHeHue (7) TPUBOAUM K

MHTETPAIbHOMY YPABHEHUIO BUA
400

x(t) = j G(t,s)f(s,x(s))ds. (14)
—00
JlokazaHo oOpaTHOE YTBEPKICHHUE TEOPEMbl O, T.€. CYIIECTBOBAaHHWE TOYHOTO 2T-
NePUOIUIECKOTo perieHus X(t), ypaBHeHus (7) B OKPECTHOCTH HPHOIMKEHHOTO 27T-
HEPUOAMYCCKOTO PEIICHUS Xy, ().
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Teopema 6. Ilycte ¢yHkums x = x(t) sBasgeTcs pemicHueM ypaBHeHus (7) u
cymiectByer ¢yukius ['puna Buma (12), odnamaromas cBoiictBoM (13). Torma ¢yHKIws
x = x(t) TaxKe ABIACTCS PEHICHUEM UHTETPAIBHOTO ypaBHeHU (14).

Teopema 7. [lycTs BbImoONHSETCS yclloBUE TeopeMbl 6. Ecnu BeIMOIHIETCS ycIoBHUeE

__2M-|f|; RPN
=""21< 1, TO cymecTByeT 27-TIiepHoarNUecKkoe pemenue X = X(t) MHTErpajIbHOTrO
q 1 y y p p rp

ypaBHeHus (14), a BMecTe ¢ HUM H TepuUoAHYEcKOe pelieHue auddepeHImaIbHoro
ypaBuenwust (7) u 1st pasHocT X (t) — X, (t) cpaBeaanBa OICHKA
2v2M|flo
x(t) — X, (t ——7

B nynkrax 3.3, 3.4, 3.5 pe3ynabTarhl MyHKTa 3.2 TEPEHECEHbl B HMHTErPO-
nuddepeHnnanbubie ypaBHEHUS BUIA

d?x(t) t
— = Ax(O) + f(&.x(©), f,_, (¢, 5,x(s)ds) (15)
A — TmonoxuTeNnbHOE BeliecTBeHHoe umcao, f(t,x,u),o(t,s,x) — HenpepbIBHO-

nuddepenuupyemMole 2m-nepuoandeckue no t, s pyHkuuu, T = const > 0.
U BHUJIA

d?x(t)
dt?
rae @ (t — s, x) — HempepbIBHASA 110 t, S U qudQepeHIupyeMas Mo X U YAOBICTBOPSIOIIA
CJIEIYIOLIEMY HEPABEHCTBY (PYHKIUS:
|<p,’c(t — s,x(s))|0 < Kye V=9, npu t,s € R, K, >0,y > 0. (17)
[Mepuomuueckoe pemrenue ypasuenus (15), (16) umiem B Buje
m

= Ax(t) + f(t, x(¢t), j(p(t —5,x(s))ds) , (16)

X, (t) = a, + \/EZ(dkcoskt + bysinkt). (18)
k=1
[TocraBum (18) B ypaBHeHue (15), momy4ymnm:
t
d*%m(0) _ _ _
d—;nz = AXy, (1) + S f | &, %, (D), j QD(t, S, xm(S))dS .
t—1
Otcrona umeeM
D™Ma + FM (@) =0 (19)
A(m) —
A 0 0 0 Qo
omy _ [ (o : [
D 0o .. A+ k2 0 F (@) Ag(m) ’ a C_lk
0 . 0 A+ k? \B(m) by,
K
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(m) _ . my _ 1 c
Ay Tom f f(t, % (0), up(0))dt, A" = Tom Oj f(t, % (©), um () )cosktd,
m _ 1 _ . _ _
B, = Zﬁnl f(t, T (), U () )sinktdt, up,(t) J(p(t,s, Xm(s))ds.

t—1
Teopema 8. Ilycte wuHTerpo-muddepenumnanpbHoe ypaBHeHue (15) umeer 21-
NEPUOIUIECKOE peleHue X (t) U yIOBICTBOPAET CACAYIOIINM TPECOOBAHMSIM:
a) BBITIOHICTCS TPeOOBAaHUE TEOPEMEI 2;
6) [|a+(
” OF™ ()

V2
—, 0<y<l1, al(m)<ﬁ.

Torz[a anre6pa1/1qec1<oe ypaBHeHue (19) uMeeT eTMHCTBEHHOE PEIICHHE
a = (do, a, 131, 0, A, Em), Takoe, 4YTO JJIS Pa3sHOCTH MEKIy TO4YHbIM X(t) u
npuOIMKEHHBIM PEICHUEM X, (t) CrpaBeInBa OlEHKA
RO = £ (O, < V2(flo[1 + KIf1:(1 + |pl17)]
m?(1 - x) '
[TocraBue psg  (18) B (16) ypaBHeHHWE, TOJIYYHMM YypaBHCHHE, AaHAJOTUIHOE
anreOpandeckoMy ypaBHeHwuro (19):

DMa+ FM(g) =0 (20)

npu m — oo,

34CCh
t

Uy (t) = f o(t —s,x(s))ds.
— 00
Hns ypaBHenust (16) mokazaHo, 4to mpu BbIMOAHeHHMW ycnoBus (17) yTBepxkueHue
aHaIornyHoe Teopeme 8, u It pasHocTH X (t) — X, (t) mosydeHa omeHka:
12(6) — %,.(O)], < \/§|f|0[1 + [f1(K + )]

T m?(1 - x) '

[TyHKT 3.6. MOCBSIIIEH OJJHOMY U3 BAPUAHTOB MPOCKIIMOHHO-UTEPAITMOHHOTO METO/1a
HAXOXKJEHUSI TIEPUOUYCCKUX pelieHuH uHTerpo-auddepeHimanpHoro ypasaenus (15), u
JUISL Pa3sHOCTH TMEpHOAMYEecKOro pemeHust x(t) u mpuOmmkéHHOro perneHus Xx;(t)
MOJTy4eHa OIICHKA!

nm — oo,

Ai
lx(t) — x™ ()], < A =D [(1+ymM)Iflo + 24lx,(D)le], i=0,12,...

B derBepToOii TJIaBe paccMaTPUBAIOTCS 3aJla4d HCCJCAOBAHMS TEPHOIUUCCKUAX
peleHuil CUCTeMBbl HHTETPO-Tu(PEpEeHIIMATBHBIX yPaBHCHUH € MajbIM IapamMeTpoM,
oOJ1ataronieil CBOMCTBOM aBTOHOMHOCTH.
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t+To

dx _
— = X(x) + ef (x, J P(t —s,x(s)ds, €). (22)

[TpenmoyioskuM, 9TO IS HEBO3MYIIEHHOW CHCTeMbl (€ = 0) HaWIEeHO NEPHUOIMYECKOC
2T

pemenne x = xy(wyt), mepuoma —.
Wo

B nynkre 4.1 3ameHOi nepeMeHHbIX

x(¢) = xo(9) + B(p)h, (23)
rae B(@p)— n X (n— 1)-mepHast 2m-niepuoaudeckas MaTpuiia, cuctema (22) cBeaeHa K

Zﬂ-HCpHOHquCKOﬁ CUCTEMC ypaBHCHI/Iﬁ
dh _ Gl ((p' h)

B 1
dg wo +Fi(p,h) + f1 (QD; h;w—of;erwOTo P1(‘P» P1 h(‘P1))d‘P1, 8)
1
91 (‘P; h, w_o f(;erwOTo Py (‘Pr ?1, h(§01))d‘l)1» 5)

1 T, '
wo +Fi (@, h) + f; (QD' h,w—of(;erwo ° P1(<P, ?1, h(§01))d(l)1, 8)

B kauecTBe mpumepa paccMaTpUBAETCS 3ajada MPUBOJMMOCTH K HEABTOHOMHOWU
CUCTEME ypaBHEHHM, ypaBHeHUs o PuHra ¢ MHTErpagbHbIM YIEHOM BUA:
t+T,
d?x 5 j (5)d
=—x—&x°+¢ x(s)ds
dt? ’
t
r€ & — JOCTAaTOYHO MaJIO€ YHUCIIO, € —MaJblil mapametp, Ty > 0.
B nynkre 4.2 npencraBuB cuctemy (24) B BUe

+

_l_

(24)

Pt+woTo
dh 1
T(p =C(p)h+F(p,h) +H| o, h'a)_ j P1(<P» P1 h(‘Pﬂ)d(Pp e | (25)
0
®

MOKa3aHa NPUMEHUMOCTh MPOEKIIMOHHO-UTEPAIMOHHOTO METOJa [iJisi HCCIeI0BaHuUs
nepuoAndeckux pemieHud. Pemrenne cuctembl (25) OyaeM HaxoAWTh B BUJIE
TPUTOHOMETPHUUECKOTO MOJTMHOMA

m
h,, (@) =ay+ \/EZ(ancosngo + b,sinng) , (26)
n=1

Ko3pbUIMeHTBI Ay, Ay, ..., Ay, D1, ooy by, OTIPEICISAEM M3 CHCTEMBI  AIMEOPAMICCKUX
YpPaBHEHUN BUJIA
D™q + E™ (a) + E™ (a, ) = 0 (27)
rae @ = (agy, aq, -, Ay, by, ooy byy)
O06o3naunm uepe3 G (¢, T) dynkiuio ['puna obagaromeii CBORCTBaMU:
a) G(t+0,7) —G(t—0,7) = E, E —eauHn4YHas MaTpUIIa,;
6) IG(p, DIl < Mge™™l*~", ¢, €R,
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KOTOpasi yAOBJIETBOPSIET CUCTEMY YPABHEHUM

dh(yp)
4o C(p)h(e), (28)
Teopema 9. Ilycts cucrema (27) umeer ¢yukuuto I'puna G (¢, T), obnagaroiryro
cBoiicTBaMu a) 1 6), Torna detD™) = 0 u cucreMy (25) MOXKHO 3aNHCHIBATH B BUJIE:
a = —(D(m))_1 (Fl(m) (a) + Fl(m)(a, e)). (29)

Pemaem cucremy anreOpandeckux ypaBHeHUH (29) MeETOJOM TOCIIEI0BATEIbHBIX
NPpUOIMKCHUN

esr = —(DM) 7 [F™ (@) + E™ (e, 8)|, k=012,... (30)
Teopema 10. Ilycts cucrema (28) umeer 2m-niepuogudecKoe Mo ¢ pelieHue
h(p,<) B obnactn Ry X E, E = [0,&,], R = (=, +00) 1 y/IOBIETBOPSIOT YCIOBUIM
a) hp,(@,€) =S, h(p,e)=a,+ \/Eznmzl(dncosngo + aninmp);

5 oM@ | @) 2, 0<x<1 M= ”(D(m))_l”;
dh(e) _

oa oa
B) JluHeitHas cucrema o C(p)h(p) wumeer pyukuuto ['puna G (¢, 1),

00J1aJ1al01IyI0 CBOMCTBOM
1)G(t+0,7)—G(t—0,7) =E; E — eguHu4Hasg MaTPUIIa;
2) |G (@, D)l < Moe"10|""f|, @, TER, @ #1,tme My,A5 >0
3) 1”_—’"}( < 8, mpn aehsg= {a:||la — &| < 6},

Nm = o1(M)MK|Ch+F + H|;, K= UC”o + [Fly + |Hly (L + To)[Pyly).
Torma B OKpPECTHOCTH TOYHOTO peineHus h(@,€) CyIIECTBYIOT NPHOIMKEHUS
Tanepkuna h,, (@, €), 1 114 pa3HOCTH |ﬁ(<p, ) — h,, (o, <<;‘)|0 BEPHA OIIEHKa

R _ V2 V2m + IMK
[h(@, &) = hm(p, 8|, < 5(1 +—

B nynkre 4.3 gokazaHo oOpaTHOe yTBEpXKIEHUE Teopembl 9, T.e.
CyliecTBOBaHHe TouHoro pemenus A(@,e) cuctemsl (25) B OKPECTHOCTH
npubmxenus [anepkuna h,, (¢, €).

Teopema 11. ITycts cuctema unterpo-auddepeHIranIbHbIX ypaBHeHuH (25) TakoBa,
YTO BBITIOJHSFOTCS YCIIOBHSL:

a) CyIecTBYIOT npubmmkenns Iamepkuna h,,(@,€) Bcex MOPAAKOB m = my,
npuHajexanue odjgactu D;

>|Ch+7-"+H|0.

0) JIuneiinas cucreMa C;—}; = C(p)h umeer pyukuuto I'puna G (¢, T) 0b6aamaroIIyIO

cBoiicTBOM 1), 2) Teopemsr 10.

2M
B) X =/1_00(|?|1 + [H|; (1 +Tp)|P ;) < 1.
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Torma cucrema (25) MMeeT B OKPECTHOCTH NpuOmmkenus [anepkua h, (¢, €)
TOYHOE 27T-TIepruouueckoe perrenue h(g, €).
Jliis pa3sHOCTH |h(<p, g) — h, (o, 8)|0 CIpaBe/IlIUBa OIICHKA

- _ 2My(IChly + |F|; + |HI1)
29, ) = (g, 8)|, < ———F7————

/10(1 - X)
Hanee B mnyHkre 4.4 paccMarpuBaeTcsi 3ajada IOCTPOCHUS TEPUOJAUYECKUX
pelieHnid B NEPBOM NPUOIMKEHUU:

e  cucremsl HHTETrpo-auddhepeHnanbHbIX ypaBHeHUN Ban-Jlep-ITos:

o(m), 0<y<1.

(dx
TR
t+t
dy 2 (3D
ka =—x—Ax*—1Dy+1]| x(s)ds.
t
riae A > 0 mapamerp;
o mupdepenunansHoro ypasHenus Jrod@uHra nepBoro nopsjka ¢ 3anasablBaloIUM
apryMeHTOM:
dx(t) 3
T —x(t) — & x°(t) + Ax(t — 1), (32)
TJIe £ — MaJIbIil mapameTp, A - YHCIEeHHBIA TapaMeTp, T — BEIMYMHA 3ama3bIBaHUs
o mupdepenuransHoro  ypaBHenuss — Bau-mep-Ilonst  Broporo  mopsiaka  C
3ama3bIBaloIIMM apTyMEHTOM:
d?x(t) 5 .
772 +Ax“ () - Dx' )+ x(t—1)=0, (33)

rae A > 0, T — BenmnuuHa 3ana3aeiBadnus u T > 0.
[lepuonuueckoe pemieHue cucteMsl (31) B mepBoM MPUOIMIKEHNUN UIIETCS B BUJIE!
x(t) = ay + a, cos wt + b, sin wt,
y(t) = dy + dy cos wt + ¢, sin wt,
rie  — dYactora Kojiebanus, ag,aq,bq,dg,dq,c; TOANEXKAEe K  BBIOOpaAM
KO3 PUITHEHTHI.
Brrunciienne nokaspIBaeT, 4To

1+t 72
a0=0,d0=0,d1=0,b1=O,Cl=—a)a11/I w = E, a1=2 1_?,
6

x(t)=2 |1 —— cos 3

15



1+t " 2 / 1+/1T\
73 ?Sll’l 1+T3
6 6

y(t) = =2
14—

Ha da3oBoit miockoctu (X, y) MoxydeHO MEPHOIUIECKOE perieHne cuctemsl (31) koTopoe
o0Opa3yeT CeMEHCTBO JUTUIICOB BUIA
RO y*(6)
2
11-5) 40 —Tz)l tA
T
1+—+
Jlayiee mepuoaUYecKoe pelieHHe B MEepBOM NpuOmmkeHun ypaBHenuu roddunra (32)
UIIETCS B BUJIE

= 1.

x(t) = ay + a,coswt + by sinwt.
[Toy4eHs! caeayromue 3Ha9eHHUs 9aCTOTHI W U KOI(PPHUITMEHTORB Ay, A4, b;:

(481+1)/1+T%+1

©="mpn211-%-3<0, b =0, a =

£1-6
B niepBoM npuOIMKEHIH TEPUOINYECKOE pelieHne ypaBHeHus (32) umeer BUj
12 8

A= —1  |(er+ DA+ +1 VG

x(t) = + cos —t.
© & —6 & —6 T

[MpubimxeHHOEe TepHoAMYECKoe peineHne ypaBHeHus Ban-pep-Ilons (33) wmercs
cornacHo ¢opmyie x(t) = ay + a, cos wt + b, sin wt.
BorancnuB 9acToTy w ¥ K0O3)PHUIHEHTOB A, A4, b, , HAWICHBI YUCTIOBBIC 3HAUCHHUS

T 2
= = =+ — =4 [—— > (.
a, =0, b =0, a _2/1+7L H o _/2+rz' anat =0

B nepBoM npuOIMKeHUM NEPUOAUMYECKOE PEUICHUE YPAaBHEHHMM 3alUCBIBAETCS COTJIACHO

BBIPAKEHUSAM
T 2
x(t) =2 1+ZCOS > +12t'
2

(t) = —2 2 (1+T)' t
)= 2+ 12 A St 2+ 7127

Ha ¢a3oBoii minockocTH (X, X) NOJIy4UM:

OTCrOJa
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x2(t) N X2(t)

2 2

2 143 2\/%(1+%))

BbBIBO/IbI

B nmuccepranmu  m3NararTCs  BOMPOCHI  CYIIECTBOBAHHMS W OTBICKAHMS
NEPUOANYSCKAX  PEIICHWA  KBa3sWJIMHEHHBIX  TUGGEpeHIMATbHBIX W HHTErPO-
nuddepeHIMaTbHBIX YPaBHEHUH C KOHEUHBIM M O€CKOHEUHBIM MOCIEICHCTBUEM BTOPOTO
Mopsi/iIka, a TaKKe CHUCTEMbl HWHTETpo-mu(depeHITNaTbHBIX ypPaBHECHUH C KOHECYHBIM
MOCNIEACHCTBUEM TMEPBOrO MOPAIKAa C MallbIM IMapaMeTpoM, OO0JaJarolIMM CBOHCTBOM
aBTOHOMHOCTH. J[JI WCCliemoBaHUs TEPHOIUYCCKAX pEIICHUuH maeTcs 0O0O0CHOBaHHWE
MPUMEHUMOCTH  TPOEKIIMOHHO-UTEPAIIMOHHOTO  METOJa,  COYECTAIoOIIeT0  HJICH
MIPOCKITMOHHOTO MeToa ["ajJepKuHa U METO/1a TTOCIIeIOBATEIHHBIX TPUOIMKESHUH.
[TomyueHsI ceayIone pe3yabTaThl:

1. JlaHo 000CHOBaHHWE MPUMEHUMOCTH TPOCKIIMOHHO-UTEPAIMOHHOTO METOa
UCCJICIOBAHUSI TIEPUOJIMYECKUX PENICHUN KBa3WJIMHEHWHBIX Ju(GdepeHuanbHbIX U
UHTErpo-Tu(depeHIIUaTbHBIX YPABHEHUN C KOHEYHBIM U O€CKOHEUHBIM TOCIIEACHCTBUEM
BTOPOrO0 TIOpAJIKA, a TakKKe CHUCTEMbl HWHTErpo-AuddepeHInaIbHOr0 ypaBHEHUS C
KOHEYHBIM TIOCIIEJICHCTBUEM IEPBOrO MOPSAKAa C MaJbIM MHapameTpoM, 00JaJaronuM
CBOMCTBOM aBTOHOMHOCTH.

2. Jlokazana TeopemMa O CYIIECTBOBaHMHM NpuUOMMKeHus [amepkuHa B
OKPECTHOCTH TOYHOTO TICPHOJUYCCKOTO PEIICHUS W OIleHEHAa BEJIMYHWHA Pa3HOCTH
MPUOJMKEHHBIX U TOUYHBIX MTEPUOTUUECKUX PEIICHHM.

=1

YPaBHCHUC 3JIJIMIICA.

3. JlokazaHbl OOpaTHbIE TEOPEMBI CYIIECTBOBAHMS TOYHBIX MEPUOANYECKUX
pEIIeHUI B OKPECTHOCTH PUOIMKEHUH ["anepkruHa 1 olleHeHa UX Pa3HOCTb.
4, B nepBoM npuONMKEHHH METOJIOM TapMOHHUYECKOro OajaHca, MOCTPOEHbI

NEPUOJIMYECKUE PEIICHHs] CUCTEMbl MHTErpo-nudgepeHaibablx ypaBHeHud Ban-nep-
[lons ¢ koHe4yHBIM moOcHeaecTBueM, auddepeHuuanbHoro ypasHenus Jroddunra
NEPBOro MOPSAKA C 3ara3/bIBaHueM U AP PEpeHnaIbHOr0 ypaBHEHUSI BTOPOro MOpsAKa
Ban-nep-llona ¢ 3amaznpiBanueM. [lokasaHo, 4TO BeJIMYMHA IapaMeTpa 3aria3/IbIBaHUs
CYILIECTBEHHO BJMSIET Ha AaMIUIMTYJHO-YaCTOTHBIE XapPAKTEPUCTUKH IEPUOINYECKHUX
pELICHUM.

Pe3ynpraTel 1uccepTauuy NOATBEPKIAEHBI CTPOTUMHU JOKA3aTEIbCTBAMM.

INPAKTHUYECKHUE PEKOMEHJIALIMN

Bce pesynbraTel, IpeacTaBiIeHHbIE B JUCCEPTALMOHHON paboTe, 001a1at0T HOBU3HOM
U TEOPETUYECKON 3HAYUMOCTBIO. DTHU PE3yIbTaThl MOT'YT OBITh MCIIOJIb30BAHBI AJI aHAIN3A
NEePUOJIMYECKUX  pPELIEHWH  HOBBIX  KiaccoB  audepeHuuanbHbIX W HHTErpo-
mupdepeHnnanbHbIX  ypaBHEeHUH. HayuHble  BBIBOABI, TMOJyYeHHbIE B  paMKax
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PE3IOME
auccepranuu bama kbi3pl AWHYpbI Ha Temy : “IIpoeKHMOHHO — HUTEPALMOHHbIE
METOAbI MCCJAC0BAHMS MEPUOAUUYECKUX PeIleHUul MHTErpo — au@p@pepeHunaabHbIX
ypaBHeHuid Tuna BoabTeppa” Ha coMCKaHUe YYE€HOM CTeNeHW KAaHAUAATA (PU3MKO-
MareMaTHyeckux Hayk mo cneuuajgbHoctn 01.01.02- jguddepennuanbHbie
YPABHEHUSI, JUHAMHUYECKHE CUCTEMbI M ONITUMAJIbHOE YIIPaBJICHHUE

KiroueBbie CJIOBA. [Tepuoanueckue peleHus, KBa3WJINHENHBIE
muddepeHanbable U MHTETpO-Au(depeHnaibHble ypaBHEHHUS BTOpPOTo TOPSIKa,
cucTeMa MHTErpo-audGhepeHInaIbHbIX YPaBHEHUN ¢ MaIbIM MapaMeTpoM, MPOEKIIMOHHO-
UTEPALIMOHHBIN METO, METO/I MTOCIIECAOBATEIBHBIX MPUOINKCHHM.

O0bexkT uccaenoBanus. llepuonnueckas kpaeBas 3amada il KBAa3UIMHEHWHBIX
mupepeHInanbHbIX U UHTErpO-AudhepeHInanbHbIX YPaBHEHU BTOPOTO MOPSAKa THIA
BonbTeppa, cucrembl HHTErpo-audPepeHIHATbHBIX YPAaBHEHU MEpPBOrO MOpSAKa C
MaJibIM IIapaMeTpoM, 00JIaJaroieil CBOMCTBOM aBTOHOMHOCTH.

IIpeamer ucciaenoBanus. VccinenoBanue paspeliuMOCTH U NOCTPOEHUE PELICHUN
NEPUOANYECKON KpaeBOW 3aJauu Uil KBa3WJIMHEHHBIX Nu(@epeHIuanbHbIX U UHTErpo-
muddepeHIMaIbHbIX YPAaBHEHUN BTOPOro mnopsjaka tuna BombTeppa, a Takke CHUCTEMBbI
UHTETpOo-Au(depeHlInaIbHbIX YpaBHEHUN TMEpPBOTO IMOpPAJKAa C MajibIM IapaMEeTPoM,
oOnaiaromieii CBOMCTBOM aBTOHOMHOCTH.

Henn paGorsl. OOOCHOBaHME MPUMEHMMOCTH MPOEKIMOHHO-UTEPALMOHHOTO
METO1a U1 HCCJIEIOBAHUSA MIEPUOAUIECKUX pelIeHu KBa3WJIMHEMHBIX
muppepeHInanbHbIX U UHTErpo-Iu(QepeHMaNIbHbIX YPaBHEHUI BTOPOro MOPSAKA C
KOHEYHBIM M  OECKOHEYHBIM  [OCJIENECUCTBUEM, a TaKXe CHUCTEMbl HMHTErpo-
muepeHnanbHbIX YpaBHEHUI MEPBOrO MOpAJIKa ¢ MajbiM IapamMeTpoM, 00iaaarolen
CBOMCTBOM aBTOHOMHOCTH.

Metoabl HCCIeIOBAHWS W anmaparypa. Opud OOOCHOBAHMHU MPOEKIMOHHO-
UTEPALMOHHOIO METOJla NPHUMEHEHBI: METOJ ['ajnepkuHa, METOJA IOCIEA0BATENIbHBIX
npubamxenuit, pyakus ['puna.

IMosryyeHHble pe3yabTaTbhl W HX HOBHM3HA. JlokasaHbl B3auMMOOOpaTHbIE
YTBEPXKACHUS: TEOpEMa O CYIIECTBOBAaHMU NpUOIMKEHUH ['anepkuHa B OKPECTHOCTH
TOYHOI'O IIEPUOJMYECKOr0 pEIIEHUs, a TaKKe TeopemMa O CYLIECTBOBAHWU TOYHOIO
MEPUOINYECKOTO PEIICHUSI B OKPECTHOCTH MPUOMKEeHN ["anepkuHa Jyuisi KBa3uIuHEHHBIX
mudpepeHnanbHbIX U UHTErpo-au(depeHIMaTbHBIX YPaBHCHUI BTOPOTO TMOPSAKA, a
TaK)K€ CHCTEMbl HMHTErpo-audepeHlranbHbIX YpaBHEHUH MEPBOTO MOpsAKa C MajbIM
napamMeTpoM U KOHEYHBIM MOCIEeICHCTBUEM.

PexoMenganum mo uMcnosib30BaHMIO. PeKOMEHIyeTcsl pacipoCTpaHsITh pe3yiabTaThl
JAHHOUM paOOThI JIsl UCCIEAOBAHUS NEPUOJUYECKUX PEIICHUM KBA3WIMHEHHBIX KOHEYHO-
PA3HOCTHBIX YpPaBHEHUH BTOPOTO MOPAJIKA.

ObsacTh npUMEHeHUsi. AJNTOPUTMBI NPOCKIMOHHO-UTEPALMOHHOIO METOAA MOTYT
ObITh TIPUMEHEHBI B 3a7adyax (PU3WKH, MEXaHWKH, MATEeMAaTHUYEeCKOW (PU3UKH U TEOPUHU
OJTHOYACTOTHBIX KOJICOAHH.
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bana kb13b1 AifHypaHbIH «BoabTeppa THOMHIETM MHTErpo-1uddepeHuaIAbIK
TeHJeMeJepAUH Me3rJIIMK YbIrapbUILIIITAPbIH H3WII60HYH MPOEKUMSJIbIK-
UTEPANMSUIBIK  BbIKMaJapb» JaereH Temaaa 01.01.02 - guddepenumnanabik
TeHjeMeJiep, TMHAMHKAJIBIK CHCTEMAJIap KaHA ONTUMAJABIK 0alIKapyy aJucCTHIU
O0ooH4Ya  (uU3MKA-MaTeMAaTHKa  WINMIEPUHUH  KaHAWAATBI  OKYMYHITYYJYK
AAaPaKachbiH AJ1yy YYYH Ka3bLIraH JUCCEPTAUMSCHIHBIH

PE3IOMECH

Herusru ce3pep. Me3rmwiguk YbIrapblIbllll, KBA3UCBI3BIKTYY YKHHYU TAPTUIITETH
mudpepeHIUanapIK  KaHa HHTETPO-IuPPEepeHINANIBIK  TEHAEMENep, aBTOHOMIYK
KAaCHETKE 99 KUYMHE MapamMeTpilyy HHTErpo-auddepeHIHalIbIK TeHIeMeIep CUCTEMACHI,
MIPOCKITUSIIBIK-UTEPALIASITIBIK BIKMA, y1aajiall )KaKbIHIaTyy BIKMACHI.

N3unnee odbexkTHcu. KBa3HCHI3BIKTYY SKMHYM TapTUNTErH AU(depeHInanabK
xaHa BonbpTeppa THOMHIETH HHTETPO-IU(PEepEeHIHATIBIK TCHASMeNIep KaHa aBTOHOMIYK
KacHeTKe 73, KHYMHE [apaMeTpilyy HUHTerpo-qudepeHunanaplik TeHaeMelepauH
CUCTEMACHhI. YIYH ME3TUIAYY YEKTHK Maceseep.

N3uaneenyH npeaMeTH. KBazuchI3bIKTYYy SKUHYHU TapTUITETU
mubdepeHnmanapik  ckaHa — BombTeppa  TuOMHAETM — MHTErpo-auddepeHnnanabik
TeHJeMesep, OUPUHYM TapTUNTETH ABTOHOMJIYK KAaCHETKE 73, KHYHMHE IMapaMeTpiyy
UHTErpo-Tu(depeHITUANIBIK TEHIEMEIEePAUH CUCTEeMAachl YYYH YEKTHUK MaceseliepauH
YBIFapbUIBIIITAPHIHBIH YEUMIIUIIINH JKaHa Typry3yyHYy U3UJIIee.

Nt makcaTbl. KBa3UCBHI3BIKTYY SKHHYM TapTunTern auddepeHnnaipik,
YEKTYY, YEKCH3 TaaCHPJEHIeH WHTETPo-IuPPepeHINANIBIK TEHASMEICPANH >KaHa
aBTOHOMJIYK  KAacCHeTKEe 939, KHYMHE MapaMeTpiayy HHTErpo-auddepeHIuanIbK
TEHIEMEJIEPIMH  CHCTEMACBHIHBIH ~ ME3TWJIYY  YbITapbUIBINTAPBIH  HM3WIIO®  YUYYH
TIPOCKITUSIIBIK-UTEPATASITBIK BIKMAHBIH KOJITOHYTYIITYH HETH3106.

N3uagee bIkMajapbl. [IpoeKIUsAIBIK-UTEPAITUSIBIK BIKMAHBIH KOJIOHYJIYITYH
HETU3/106/10 TOMOHKY BIKMajap KoJmoHyJdraH: ['alepkuH MeToAdy, yJaaiail >KaKbIHIATyy
BIKMAchI skaHa ['puH QyHKITUACHI.

AJIBIHTAH SKbIMBIHTBIKTAP KAHA aHbIH KAHbUIBITbI. KBa3UCBHI3BIKTYY SKUHYH
tapTunterd AudepeHmanaplk  kaHa HHTErpo-TudGepeHManIblKk  TeHASMEIEp
OMpUHYN TAPTUINITETH KWYUHE TapaMeTpiayy KaHa YEKTYY TaaCUpPJICHTEH WHTETpo-
nuddepeHnnanapik TeHAEMEIEpIMH CUCTeMalapbl YIYH 03 apa TECKEPH bIPacTOO0JIOpP: TaK
ME3TUJIMK YbITAPBUIBIIITEIH aiMarbiHa ["aqepKuHIUH JKaKbIHIAITRIPYYIapbIHBIH JKaHa
TeCKepUCHHYE, [ alepKUHIWH IKaKBIHIAIITHIPYYIapbIHBIH aiMarblHaa TaK ME3THIIINK
YBITaPBLIBIIITHIH JKaIIAIIbl TYYpalyy TeopeMaiap JaTrIIeHTCH.

Koamonyy 6oronHua cynymrap. WINTHH >KbIMBIHTHIKTAPBIH SKUHYHM TapTHITETH
KBa3WUCHI3BIKTYy YEKTYY-albIpMaZarbl TEHACMEICPANH ME3THIIUK YbITapbLIBIIITAPBIH
W3WI100TO KAUBUITYYHY CYHYIITaObI3.

Koanonyy aiimarsl. [IpoeKusITbIK-UTEpAUSIIBIK BIKMAHBIH aJTOPUTMICPHUH (HH3HKA,
MEXaHWKa, MaTeMaTHKalblK (u3nka xKaHa OUP OUeMIYY KBIIITHIKTYY TEpMENTyY
TEOPUSICHIHBIH MaceNeNIepUHIC KOJIOHYyTa 00JIOT.
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RESUME
of the dissertation by Bapa kyzy Ainura on the topic: “Projection-iteration methods
for studying periodic solutions of integro-differential equations of Volterra type” for
the degree of candidate of physical and mathematical sciences in specialty 01.01.02 -
differential equations, dynamical systems and optimal control

Key words. Periodic solution, quasilinear differential and integro-differential
equations of the second order, system of integro-differential equations with a small
parameter, projection-iteration method, method of successive approximations.

Object of research. Periodic boundary value problem for quasilinear differential
and integro-differential equations of the second order of the Volterra type, a system of
integro-differential equations of the first order with a small parameter, possessing the
property of autonomy.

Subject of research. Study of solvability and construction of solutions of periodic
boundary value problems for quasilinear differential and integro-differential equations of
the second order of Volterra type, as well as a system of integro-differential equations of
the first order with a small parameter, possessing the property of autonomy.

Objectives of the work. Justification of the applicability of the projection-iteration
method for studying periodic solutions of quasilinear differential and integro-differential
equations of the second order with finite and infinite aftereffect, as well as a system of
integro-differential equations of the first order with a small parameter, possessing the
property of autonomy.

Research methods and equipment. The following were used to substantiate the
projection-iteration method: Galerkin's method, the method of successive approximations,
and Green's function.

The results obtained and their novelty. The following inverse statements are
proven: the theorem on the existence of Galerkin approximations in the neighborhood of
an exact periodic solution, as well as the theorem on the existence of an exact periodic
solution in the neighborhood of Galerkin approximations for quasilinear differential and
integro-differential equations of the second order, as well as systems of integro-differential
equations of the first order with a small parameter and finite aftereffect.

Recommendations for use. It is recommended to extend the results of this work
for the study of periodic solutions of quasilinear finite-difference equations of the second
order.

Scope of application. Algorithms of the projection-iteration method can be
applied in problems of physics, mechanics, mathematical physics and the theory of single-
frequency oscillations.
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9.

MEPEYEHb YCJIOBHBIX OBO3HAYEHUH U CUMBOJIOB

C[0,2m] — mpocTpaHCTBO HEmNpephIBHBIX Ha oTpeske [0,27] dyHKumMiA ¢ HOpMOIt
Ixlo = tggggﬂlx(t)l-

C"(F XD XD XE)— mnpocTpaHCTBO T pa3 HENmpepbiBHO audGepeHIIPyeMbIX
orHocutenbHo (t,x,u,e) EF XD X D X € dynkuuit f(t,x, U, €) MEPUOAUIECKUX
no t ¢ mepuogom 271, F =[0,2m], D orpaHudeHHas BbImyKjias o0macth R =
(—o0,4+), € ER.

Iflr = Mmax |DY f|o, — muddepeHimansHas HopMa.
SVST

= max t,x,u,c)l.
flo =, max |f(t,x,ue)

Qs c D, Qs ={a: |a—al <5}

colon(xq, x5, ..., X,,) — MaTpuIa CToNOEII.

C2.(D) — mpocTpaHCTBO JABAXIbl HENpPEPHIBHO Au(PEPEeHIUPYEMBIX (YHKIUI
X(x) oTHOCUTENBHO X € D.

C,'Cy (FXxDXxXD)— TIPOCTPAHCTBO HETPEPBIBHO g hepeHIPYEMbIX
otHocHuTeNnbHO (x,y) € (D X D) dyukuwmii f(x,y, €).

X(t) — TOYHOE TIEPUOIUUECKOE PEIICHHE.

10. X, (t) — npubMmKEHHOE IEPHOAHUUECKOE PELICHHE.

Tl
W
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